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1, The purpose of this paper is to discuss a modification of an integro- 
differential inequality which is stated in the book “Inequalities” by Hardy, 
Littlewood, and Polya, see [5, Theorem 269, p. 1951. This inequality in 
[5] states that if the complex-valued function f, defined on the real line 
R = (- co, co), satisfies f~ D(- co, co), f’ absolutely continuous on all 
compact subintervals of (-00, co), f” EL*(-CD, CO) with p, 4, E (1, CO) and 
p-l + 4-l == 1, thenf’EL2(-a, co) and 
(1.1) 
with equality iff f is null. Here D’( - co, co) denotes the Lebesgue integration 
space; similarly for L*(- co, a) and Lp(O, co), Lg(O, co) which we require 
below. The inequality (1.1) is a generalization of the special case p = 
4 = 2, which is also considered in [5, Theorem 261, Section 7.91. 
The main theme here is to discuss (1.1) not on (-co, GO) but on the half- 
line [0, co). In the case p = q = 2, this inequality takes the form 
(14 
where the factor 2 is best possible and all the cases of equality are known; 
for details, see the discussion given in [5, Section 7.81. The extension of (1.2) 
to the p, q case takes the form 
(1.3) 
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for all f~Lp(0, co) such that f” ELQ(O, ox), where K is a positive number 
independent off but dependent on the choice of p and Q. It does seem to be 
difficult to discuss the general inequality (1.3) in such detail as given for the 
special case (1.2) in [5]; when p # 4, we have no knowledge of the best 
possible value, say, K*(p, 4) of K in (1.2) nor, consequently, of any cases of 
equality. However, the methods given in this paper show that K*(p, q) 
is always finite, i.e., that there is a valid inequality of the form (1.3), and it 
leads to the determination of a numerical upper bound for K*(p, 4). There is 
also a characterization of K*(p, q) in terms of an equivalent problem in the 
calculus of variations. 
Other work on inequalities of the form (1.3) may be found in the book by 
Backenbach and Bellman, see [2, Chapter 5, Sections 3, 5, and 61; however, 
these results are dependent on the earlier work of Bellman [l]. 
We now state some of the results to be proved in the form of two theorems. 
It is convenient to follow the usual symbol for the norm off in P(O, cc), i.e., 
which, however, we only use on the interval [0, co); similarly for LQ(0, cc). 
We define the linear manifold d(p, q) of Lv(O, a) for p E (1, cc) and 
p-1 + q-l = 1 by 
A@, q) = {f E Lp(O, 00): f’ is absolutely continuous on all 
(1.4) 
compact subintevvals of [0, co) and f” E Lq(O, co)). 
THEOREM 1. Letp,q~(l,~)withp-l+q-l==I.LetA(p,q)CL~(O,oo) 
be dej’ked as above. Let Y = 2 + p-l - q-l (so that 1 < r < 3). Then 
(x E PA a), f E A(P, q)) (1.5) 
(x E [O, a),f E A(P, q)), (l-6) 
where 
K,(p, q) = infW,,(p, q; a, P): 0 < 01 < P -c a> 
K,(p, q) = inf{Mr(p, q; (Y, /I): 0 < 01 < ,B < a}, 
(1.7) 
(1.8) 
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and for all 01, /3 satisfying 0 < 01 < ,8 < CO, 
jq(p, q; +j) =(/j - +l[p-llP(pl~~ + &P) + q-llQ(gwQ + a"-'9] 
(1.9) 
M,(p, q; cd, /3) = (/3 - a)-’ [p-l’P(c&l/~’ + /3cc-l’~) + q-l’Q(cpl’* + pa”-““)] 
(1.10) 
In particular, in the norm notation 
If(O)1 ~~,(p,q)llflll,-““‘lIf”!ll,l”’ (f E4PY 4)) (1.11) 
If’(O)1 < Kl(P, q) llf rr lif u ll:-l’D,r (f E 4p, 4)) (1.12) 
If (0)f ‘(0)l G K,(p, 4) K,(p, 4) llf lip lif n IIQ (f E 42% q)), (1.13) 
where K,, and Kr are giwen in (1.7 and 1.8) above. 
This result leads to 
COROLLARY TO THEOREM 1. IffEd(p,q), then 
lipf = l@f’ = 0. (1.14) 
THEOREM 2. Let p, q E (1, 00) with p-l + q-l = 1. Let d(p, q) C Lp(0, 00) 
be defined as above. Then in the norm notation 
(a) f’ EL2(0, a) (f E 4p, q)), 
(b) IIf% < WsqHf~l,llf"ll, (f E 4p, q)), 
where 
K(P, q) = 1 + K,(P? q) Kl(P, q) 
(1.15) 
(1.16) 
and K,,(p, q), K,(p, q) are defined as in Theorem 1. 
The proofs of these results are given in the sections which follow. 
The problem of calculating the inf in (1.7 and 1.8) explicitly in terms of 
p and 4 seems to be difficult in view of the complicated dependence, alge- 
braically, of M0 and Mr upon (Y and p. However, it is possible to devise com- 
puter programs which give numerical approximations to K,,(p, q) and Kr(p, q), 
and some results are given in a following section. 
The inequalities for 1 f (x)1 and / f ‘(x)1 in (1.5) and (1.6) should be compared 
with those obtained in [4, (2.8) of Section 21, for the special case p = q = 2. 
(We take this opportunity to correct the two formulas in (2.8) of [4]; the 
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powers $ and $ in the integral terms should be changed to Q and 3, respect- 
ively.) When p = p = 2, then Y = 2 and (1.5) and (1.6) become 
and it is of interest to compare the numerical approximations to K&2,2) 
and Kr(2, 2), obtained in a following section, with the number 23:4 given in 
(2.8) of [4]; we shall do this later. 
In a similar manner, we shall compare the numerical value of the factor 
K(2, 2) = 1 + K,,(2, 2) Kr(2, 2) in (1.15) and (1.16), when p = 9 = 2, 
with the known best possible value of 2 as given in (I .2) and obtained in 
[5, Section 7.81. 
We outline the contents of the paper. In Section 2 we prove a lemma detail- 
ing properties of functions in A$, Q). Sections 4 to 10 contain the proofs of 
Theorems 1 and 2. In Section 11 we discuss some theoretical bounds for the 
factors involved in the inequalities which appear in Theorems 1 and 2. 
Section 12 contains a discussion of a functional defined on the linear mani- 
fold A@, 4) which is closely related to the inequality (1.3); Theorem 3 is 
stated in this section. Finally, Section 13 is devoted to reporting on some 
numerical bounds for the factors involved in the inequalities; in particular 
for the functions K&J, 4) and K,(p, 4) as given in Theorems 1 and 2. 
2. \Ve start with the following: 
LEMMA. Let p, q E (1, co) with p-l + q-l = I. Let d(p, q) C LP(0, co) be 
defned as in (I .4). Then 
(4 f’ ~-WO, a) (fE 4P, 4)h 
(b) for al/f, g E JP, d, 
lifn fg' = 0 and j-“=fY = -f(O)g’(O) - Jl:fc”, (2.1) 
(c) for allf E d(P, 41, 
iI f’ I’; < I f(O>f’(O>l + Ilf /I9 !If” I’, . 
Proof. (a) Take f to be real valued on [0, CD). Then 
(2.2) 
jox 1 f’ I2 = JOXf” = [ff!]f - joXfflT (X > 0). 
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The integral term on the right is bounded, on using Holder’s integral inequal- 
ity, and so if f’ $Lz(O, oo), then f(x)f’(x) is positive for all sufficienty 
large x, and this is incompatible with f~Lp(0, co). Thus f’ eL2(0, co). The 
result extends to general f in d(p, Q) on considering the real and imaginary 
parts off separately. See also [2, Chap. 5, Sections 3 and 61. 
(b) We have for f, g E O(P, n), 
joXfY = (X) g’(X) - f(O) g’(O) -j--xif (X > O), 
which now shows, from (a), that limfg’ at co must exist and be finite. Since 
f~Lp(0, co) and g’ EL~(O, co), a calculation based on Holder’s inequality 
shows that fg’ EL~(O, co), where 7 = 2p(p + 2)-i. Thus fg’ must tend to 
zero at co. The formula in (2.1) then follows on letting X- co above. 
(c) This follows from (2.1), with g = j, and an application of Holder’s 
inequality. 
This completes the proof of the lemma. 
It follows from result (2.2) that a necessary and sufficient condition for 
inequality (1.3) to hold, for some positive number K, is that the following 
inequality should be valid: for some positive number L which may depend 
on p and q but not on f, 
If(O)f’(W GL llfll, llf” 1’9. (fE 4P, 4))- (2.3) 
We shall in fact establish (2.3) and use this to obtain (1.3). 
Note that if (2.3) holds, then (1.3) is valid with K = 1 + L; if (1.3) holds, 
then (2.1) may be used to show that (2.3) is valid with L = 1 + K. 
The difficulty in establishing an inequality of the form (2.3) is that it 
requires a pointwise restriction on f andf’ to follow from a global condition 
onfandf”,i.e.,fEL”(O, co)andf”~Lg(O, co). 
We note also that the results in the lemma of this section are equally 
valid when the interval [0, co) is replaced by (-co, 0] and when suitable 
changes are made in the definition of d(p, q). If the results for the intervals 
[0, m) and (-CO, 0] are taken together, then we have the following identity: 
(2.4) 
valid for all complex-valued f and g which have absolutely continuous 
derivatives on all compact subintervals of (-GO, CO) and which satisfy 
f, g, EL”(--q 00) and f “, g” EL*(--co, 03). An application of Holder’s 
inequality to (2.4), with g =f, then establishes inequality (1 .I) as given in 
409/45/3-8 
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[5, Theorem 2691. We see also that there is equality in (1.1) iff f is null, since 
there is no non-nullfsatisfying the above requirements and for whichf” = kf 
on (- co, co) for any complex number k. An argument similar to that given 
in [5, Section 7.91, shows that the constant (unity) in (1.1) is best possible. 
3. In this section we give some identities which provide representations 
forf andf’ on [0, co) when f E d(p, q). Th ese representations were suggested 
by a formula in [6, Sections 2.6 and 2.91; however, similar ideas may also 
be found in [2, Chap. 5, Section 51. 
For all t.~ > 0, let I,!J, be defined on [0, co) by #Jx) = e~“(x E [0, GO)), 
so that #b = p2#U on [0, 00). Let q~* be any other solution of y” = p2y on 
[0, a) such that the Wronskian of #, and pti satisfies 
hL(0) %L’(O) - AL’(O) CPU(O) = 17 (3-l) 
i.e., 
v,‘(O) + W”(O) = 1. (3.2) 
Let @, be defined on [0, co) x d(p, 4) as follows (compare with [6, Section 
2.61): 
(x 6 co, =)),f E 4P,d)* (3.3) 
The second integral in (3.3) exists since f EP(O, co) and I/J, EL~(O, cc) for 
all r > 1. 
We now have the following: 
LEMMA. Let A@, q) and a,, be deJined as above. Then on [0, 00) x d(p, q), 
we have, for all p > 0, 
f (4 = @LA% -f n + PW + (f (0) %L’(O) - f ‘e-4 %m) ALW 
In particular, again for all p > 0, 
(3.4) 
f (0) = %m j” ALi-- f” + PYS + m-0 %L’W - f’(O) %m) 
0 
(f E 494)) (3.5) 
f’(O) = %‘(O) jo” h{- f fl + P”f > - tL(f(O) 9L’(O) - f ‘(0) %Lm 
(f E 49 cd)* (3.6) 
Proof. The proof of (3.4) follows entirely similar lines to those given in 
[6, Section 2.91. We need only note that in following the proof in [6] we 
require 
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these results hold since f and $,, E &, a), and so the lemma of Section 2 
applies. 
The identity (3.5) follows as a special case of (3.4) and the explicit form 
(3.3) of DU. To obtain (3.6), differentiate (3.4) and put x = 0. 
4. We shall now give the proof of Theorem 1 and Corollary in this and 
the four subsequent sections. It is sufficient to indicate how inequalities 
(1.11) and (1.12), for f(0) and f’(O), are established, since entirely the same 
analysis proves the more general inequalities (1.5) and (1.6), for f(x) and 
f’(x)- 
In all that follows, we shall assume that 
iifllp > 07 iif’ II2 > 0, ~1 f” lIq > 0, (4.1) 
since if any one of these is not satisfied, thenf is null on [0, co), in which case 
the results in both Theorems 1 and 2 follow immediately. 
We start with representation (3.6) for f’(0). Determine the solution q,, , 
as introduced in the previous section, by requiring 
?L(O) = cw19 p,‘(O) = 4; 
it follows that both (3.1) and (3.2) are satisfied. With these values substituted 
into (3.6), we obtain, for alIfE d(p, 4) and all TV > 0, 
f’(O) = 4 Irn AL{- f” + CLW - 4 /4(O) + :f’m 
0 
and this implies that 
Now, using Holder’s inequality and the explicit form of #, , we obtain 
If’(O)1 <p-l’p~-l’piif” lQ + q-1’q~2-1!q llfli, + P If(O)1 , (4.2) 
where the norm notation is that given in Section 1. 
In (4.2) now write TV in the form [see (4.1)], 
P = 4f” I131fli~1’T (4.3) 
where (Y is any positive number and the index r is determined by (see the 
statement of Theorem l), Y = 2 + p-l - q-l, so that 1 < Y < 3 and 
(4.4) 
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Substituting and using (4.4), we find (4.2) becomes, for alIfE A@, 4) and all 
a > 0, 
,f'(()), < {ppP + p&l/a) ,,f" p,r ilfll;"' 
(4.5) 
5. Consider now representation (3.5) forf(0). In this case, determine the 
solution p,, by requiring 
vu(O) = CL-l, %‘(O) = 0 
so that (3.1) and (3.2) are satisfied. With these values substituted into (3.9, 
we obtain, for all f~ A@, Q) and all p > 0, 
f(O) = $ J”m ?a- f” + Y% - of’, 
and this implies that 
e p-lIPp-l-l'D IIf" lip + q-l'Qp'-"Q llfi', + p-l If'(O)1 . 
Into this last result we substitute for I f’(O)1 from inequality (4.5) to obtain 
1 f(O)1 < p--l’q--l-l’P IIf” IIn + q-+L-1’* llfll, 
+ ~L-l{p-1/3)~-1/9 + q~l'g'o12-l'G} iif" l,~--liP~ I~fliY"' 
(5-l) 
-t CL-la Ilf” lI~‘rllflI?r I f(O)l . 
In (5.1), we now write TV in the form, the index r determined as before, 
P = p [If” Ilpll’l,fl~pl”, (5.2) 
where /3 is any positive number satisfying 
o<or<p<co, i.e., 0 < ffp-’ < 1. (5.3) 
A calculation shows that this substitution, again using (4.4), yields 
(1 - q-l) If(O)1 < {pp1’v~-1-1’2, + q-“Q~l-l’g} !if” jli’pr l~fli:;l’pr 
+ {p-l/-lip~-l/~p-l + q-l/Qor2-l'n/.-1} ,jf" lly9r ,,fll;-l't~~, 
THE INTEGRO-DIFFERENTIAL INEQUALITY 647 
which may be recast as 
If(O)] < (p _ a)-l[p-lIP(p-l/Y + o1-1/1') + q-1/4(132-1:n + a2--l/9] 
X jjf~j~-l!PT i:f” Ii~er, 
i.e., 
If(O)1 < J%(P, 4; a, 8) lifll~Ypr llf” I~? (fc 47 4h (5.4) 
with Ma given by (1.9) in the statement of Theorem I. 
We note that in (5.4) we are free to choose 01 and /3 as positive numbers 
provided the restriction 0 < oi < /3 < co is maintained. Thus if we now 
define K&p, q) = inf{M&, q; 01, p): 0 < LY. < /I < co}, then we have esta- 
blished inequality (1.1 l), i.e., 
I ml < &4P, 4) llflli-l~Dr Ilf” Pr (fe 4A 4)). (1.11) 
6. To obtain the corresponding result (1.12) for f’(O), we now substitute 
for If(O)1 in (4.5) from inequality (5.4). A calculation shows that, again 
using (4.4), 
1 f’(O)1 < (p - a)-’ [p--1’q?&‘~ + ctpq + q-l’q3&1’4 + a/PI’*)] 
x Iifl~‘,‘“‘Iif” ljp-l’p,‘, 
i.e., 
If’(O)l < MI(P, 4; % PI l~.w’lIf” l/yr (fE 44 4N, (6.1) 
with 111, given by (1.10) in the statement of Theorem 1. 
As in the previous section, we are free to choose (Y and /3 as positive numbers 
provided that the restriction 0 < 01 < ,8 < cc is maintained. Thus if we 
define 
then the inequality (1.12) follows, i.e., 
IfV)I e &(A d lIfllla~T llf” Pr (fE 44 4)). (1.12) 
7. From (5.4) and (6.1), we obtain 
I.m.f’ml d wh% % % B) J4(A 4; %B) llfl~, llf” /IQ (fe 44 4))s (7.1) 
so that inequality (1.13) follows, i.e., 
I fK9fWl < fG(P~ 4) &(P> 4) Ilfll, llf” IQ (f E 4A 99). (1.13) 
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8. Inequalities (1.5) and (1.6) need no separate proofs since given any 
x > 0, we may argue on the interval [x, cc) precisely as for the case [O,co); 
for iffG d(p, q), thenfED(X, co) andf” ELQ(X, oo), and the analysis in the 
previous sections may be applied equally well in the case of the interval 
[x, co). Note that the same values of K, and Kr will be obtained; the functions 
144~ and Ml are independent of the halfline under consideration. 
9. The result given in the Corollary to Theorem 1 follows at once from 
inequalities (1.5) and (1.6) since the right-hand sides have limit zero at 
infinity. 
10. The proof of Theorem 2 is now clear. We have (a) of Theorem 2 in 
the lemma of Section 2. The inequality (b), i.e., (1.15), with K(p, q) deter- 
mined by (1.16) i.e., K(p, 4) = 1 + K&p, Q) K,(p, q), follows from inequality 
(1.13) and inequality (2.2) the latter from the lemma in Section 2. See also 
the remarks following (2.3). 
11. We report or numerical approximations to K,,(p, 4) and K,(p, Q) in 
a later section. Here we make some remarks about theoretical bounds for 
L*(p, p), where this quantity denotes the best possible value forL in inequality 
(2.3), i.e., for p, Q E (1, co) with p-l + 4-l = 1 define 
L*(PT 9) = ~uP~l.m.f’w llfll,’ llf” ll,VE 4% q>,f # O}. (11.1) 
Inequality (1.13) tells us that L*(p, q) is finite, in fact 
0 <L*(P, 4) G KoJ, 4) w3 4) < cQ* 
We make similar definitions of K,,*(p, q) and Kr*(p, q); again; both these 
numbers are finite and satisfy 
0 < &*(P, n) < &(P, 9) < a, and 0 < 4*(P* 4) < K,(p, 4) < a. 
A lower bound for L*(p, q) is not difficult to obtain. Sincef determined by 
f(x) = e-=(x E [0, co)) is in d(p, q) for all p E (1, co), we may substitute this 
function in inequality (1.13), and a calculation then shows that 
L*(p, q) > pl~pq’~q. (11.2) 
The expression pl/pql/g, when p E (1, co) and p-l + q-l = 1, satisfies 
1 < pll*ql/q < 2 with equality iff p = q = 2; see [3, Section 1.31. 
However, even in the symmetric case p = q = 2, the lower bound in 
(11.2) is not sharp. It follows from (11.2) that L*(2, 2) > 2, but it is possible 
to show that 
2 < 4/31/2 < L”(2,2) < 3. (11.3) 
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The upper bound in (11.3) follows from the Hardy, Littlewood, Polya 
inequality (1.2) and identity (2.1) in (b) of the lemma in Section 2, i.e., 
If(O)f’(O)l < jo= If’ I2+ 1 j”=ff’ 1 
d llf’lli + llfl12llf~ll2 
< 3 llfll, llf” II2 (fE 427 2)). 
The lower bound in (11.3) follows from considering the special case of 
f E 4(2,2) given by 
f (ax) = (1 - X)5’2 (X E [O, l]), f(x) = 0 (x E (I, co)) 
for which 
f(0) = 1, f ‘(0) = ; 9 llf II2 = & P 
15 
llf” II2 = 4.21/2 * 
It should be possible to construct other examples to make the lower bound 
more precise. 
It would be interesting to know if the functions K,,*(p, q), K,*(p, q), and 
L*(p, 4) could be characterized in some way additional to the definition, even 
if it was only in the symmetric case p = q = 2. 
It is not difficult to see also that the analysis of the previous sections is not 
likely to give K(p, q), as defined by 
WP, 4) = 1 + &(P, 4) K(PT 4) 
in (1.16), as the best possible value K*(p, q) of K in inequality (1.3), i.e., 
K*(p,q) = ~~P~llf’II~llfll,lIlf”II,l:f~~(P,q),f #O>. (11.4) 
(Note that 0 < K*(p, q) < K&J, q) < co.) This is certainly so in the sym- 
metric case p = q = 2 where it is known from [5, Section 7.81 that 
K*(2,2) = 2. For, to obtain this sharp bound, in this case, from K(2,2), 
it would be necessary to have Z&(2, 2) Kr(2, 2) = 1, since from (1.17) we 
have K(2,2) = 1 + K&2,2) K,(2,2); however, we have from above 
K&2,2) K,(2, 2) > L*(2, 2) > 4/3l’2 > 2. 
12. Whilst it seems to be difficult to characterize the functions K,,* 
and Kl* as defined in the previous section, it is possible to give a characterisa- 
tion of the function K*, as defined in (11.4), in the inequality 
llf’ll; G K*(P, n) llf lie If” /lo (f E 4P, 4)). (12.1) 
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This may be done by considering the following functional J,,J.) on 
il(p, n) CD(O, 00) with parameters p and R, where p E (0, cc) and k E [0, co), 
defined by 
J&k(f) = loC If” If lP - fk If’ I2 + If” I”3 (fc 4Pl n))* (12.2) 
This functional is suggested by the generalization given in [4, (1.9) of Sec- 
tion l] of a functional used in [5, Section 7.81 to discuss inequality (1.2). 
From the lemma of Section 2 above, we see that J,,k(f) is finite for each 
f E A(P, q). 
The problem associated with Jp,k is to decide if there are positive values of R 
such that the following inequality is valid: 
J&k(f) b 0 (f E 4~3 d, P E (0, ~0)). (12.3) 
Clearly, (12.3) is satisfied when K = 0, but it might be the case that this is 
the only value of k for which (12.3) holds. However, this is not so, and this 
may be seen from a connection between inequality (12.3) and the earlier 
inequality (1.3). We have the following (compare with Lemma 1 of [4, 
Section 51): 
LEMMA. Let p, q E (1, co) with p-l + q-l = 1. Let A(p, q) and J,,,J.) 
be defined as in Sections 1 and 12, respectively. Then the inequality 
l,,df) 3 0 (fcA(~, q), P E (0, a)) (12.3) 
holds for a number k > 0 13 the inequality 
IV-’ II; < K llf 112, llf” llc, (f E A(P, q)) (1.3) 
holds for a number K < GO, where k and K are mutually determined by 
kK = pWqW. (12.4) 
Proof. This follows from an application of the lemma in [3, Section 1.31 
which states that if oi, /?, and y are positive numbers, then 
@-f p - pllDql/qyp + p 2 0 (f E (0, co)) (12.5) 
iff .zif~/Plq > y; also, that there is equality in (12.5) iff ~l/flpl/q = y and 
pp = p-lqm:-‘/3. See also the lemma in [I, Section 1.21. 
This last lemma, together with the results of Theorem 1 in Section 1 
shows that it is always the case that inequality (12.3) is satisfied for some 
positive number k and not just 0 alone. In fact we have 
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THEOREM 3. Let p, q E (1, 00) with p-l + q-l = 1. Let d(p, q) be dejined 
as in Section 1. Then 
J&,(f) = Jy{P” If I” - Pk If’ I2 + If” I”> 2 0 (f E 4P, Qh P E to* 00)) 
(12.3) 
f OY 
k = k(p, q) = pl/Pql’n{K(p, q)>-’ > 0, 
where K(p, q) < 00 is de$ned by (1.16) in Theorem 2. 
If we define k*(p, q) by 
then 
k*(p, Q) = sup{k E [0, 00): (12.3) is a valid inequality}, 
k*(p, q) = ~l’~ql’*{K*(~, q)lY > 0, (12.6) 
where K*(p, q) is dejined in (11.4). There is equality in (12.3), with k = k*(p, q), 
@f satisfies 
/If’ !I2 = K*(P, q) !I f~I,l~ f” 114. 
and p then determined by, when f # 0, 
PB =P-lqllfll,PIlfbl/:. 
Pyoof. This follows from the previous statements in this section and a 
further application of the lemma from [3, Section 1.31. 
Note. The result K*(2, 2) = 2, together with the cases of equality in 
(1.2), is obtained in [5, Section 7.81 by means of a detailed analysis of the 
functional JpPk(.) with p = q = 2 and k = 1. It would be of interest to 
know if the more general inequality (1.3) could be analyzed in a corresponding 
way through use of the functional JD,,lc(.) as defined in (12.2); in particular, 
if K*(p, q), the best possible value of K in (1.3), could be characterized in 
some manner. However, it is the case that the analysis given in [5, Section 7.81 
does not immediately extend to the more general functional given by (12.2). 
13. In this final section, we report on the results obtained from the com- 
puter programs, devised by Dr. K. W. Brodlie, giving numerical approxima- 
tions to K&p, q) and K,(p, q) (as defined in (1.7) and (1.8) above). These 
programs employ optimization techniques which enables the computer to 
search for minimum values of M,, and Ml [see (1.9) and (1.10) above] and 
also to determine values of a: and /3 for which these minimum values are 
attained. 
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The outcome of some of these computations, for a range of p: 1.10 (0.10) 
2.00, is given in the following table; all results have been reduced to two 
significant decimal figures, although the original results are to a much higher 
degree of accuracy. 
P Q Kd P> d KA P, 4 &(P, 4) Kd P, d WP, 4) 
1.10 11.00 3.46 3.62 12.53 13.53 
1.20 6.00 3.02 3.19 9.63 10.63 
1.30 4.33 2.74 2.89 7.92 8.92 
1.40 3.50 2.54 2.67 6.78 7.78 
1.50 3.00 2.39 2.50 5.98 6.98 
1.60 2.67 2.28 2.36 5.38 6.38 
1.70 2.43 2.19 2.24 4.91 5.91 
1.80 2.25 2.12 2.15 4.56 5.56 
1.90 2.11 2.05 2.07 4.24 5.24 
2.00 2.00 2.00 2.00 4.00 5.00 
This table lists the computed values of Ka and K,; also the product K&r 
and K(= 1 + K&r). From the detailed computer results, it would appear 
that the values given for J&(2, 2) and Kr(2, 2) are exact. 
The function K*@, q) is defined in (1 I .4) and is the best possible value of 
K in inequality (1.3). Th e value of K* seems only to be known when 
p=q=2;weh ave noted previously that K*(2, 2) = 2 follows from the 
analysis in [5, Section 7.81. This should be compared with the value of 
K(2, 2) = 5 from the above table. This significant difference between K* 
and K in this case is in no way the fault of the computer calculations but is 
essentially due to the nature of the analysis which has to be adopted in this 
paper to establish the existence of an inequality of the form (1.3). In fact, we 
see from the figures given at the end of Section 11 that, in any case, 
K(2,2) = 1 + K,(2,2) K,(2,2) > 1 + & *=. 3.3, 
whilst K*(2, 2) = 2. 
Roughly speaking, it would seem that a good approximation to K*(p, q) 
leads to, using identity (2.1), a good approximation L to L*(p, q) in (2.3) and 
(11.1). On the other hand, to start with an approximation to L*(p, q) does not 
lead to good values for K and K*(p, q) in (1.3) and (11.4). 
Whilst this is so for K*(p, q), probably &(p, q) and &(p, q) represent 
more reasonable approximations to K,,*(p, q) and K,*(p, q). Even in the case 
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p = q = 2, the exact values of K,* and K,* do not seem to be known but, 
as mentioned in Section 1, it follows from [4, Section 21 that both K,* and 
K,* are < 23/4 in this case; this should be compared with the known values 
of K&2, 2) = Iq2, 2) = 2. 
ACKNOWLEDGMENTS 
W. N. Everitt thanks the Royal Institute of Technology in Stockholm for creating 
the opportunity to visit Sweden in 1972. 
Both authors render special thanks to Dr K. W. Brodlie, Department of Mathe- 
matics, University of Dundee, for undertaking the writing of the computer programs 
which led to the numerical results given in Section 13. 
1. R. BELLMAN, An integral inequality, Duke Math. J. 10 (1943), 547-550. 
2. E. F. BECKENBACH AND R. BELLMAN, “Inequalities,” Springer-Verlag, Berlin, 
1965. 
3. W. N. EVERITT, On the HGlder inequality, J. London Math. Sot. 36 (1961), 145-158. 
4. W. N. EVERITT, On an extension of an integro-differential inequality of Hardy, 
Littlewood and Polya, Proc. Royal Sot. Ed&b. (A) 69 (1971/72), 295-333. 
5. G. H. HARDY, J. E. LITTLEWOOD, AND G. POLYA, “Inequalities,” Cambridge 
University Press, 1934. 
6. E. C. TITCHMARSH, “Eigenfunction Expansions Associated with Second-Order 
Differential Equations,” Part 1, Oxford University Press, 1962. 
